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Polya’s counting theory provides a wonderful and almosgicel method to solve a large variety
of combinatorics problems where the number of solutiongiticed because some of them are
considered to be the same as others due to some symmetrypbthlem.

1 Warm-Up Problems

As a warm-up, try to work some of the following problems. Thstftouple are easy and then they
get harder. At least read and understand all the problenesdgbing on. Try to see the common
thread that runs through them.

1. Benzene is a chemical with the formulgHs. The 6 carbon atoms are arranged in a ring,
and all are equivalent. If two bromind3() atoms are added to make a chemical with
formulaCs H4 Br, there are three possible structures:

H H Br H H Br
H H H H H H

How many structures are possible with the following forns@lan part (a) there are four
hydrogen atoms, one chlorine, and one bromine atom arraargethd the benzene ring; in
(b), two hydrogen atoms, two chlorine atoms, and two broratoens; in (c), two hydrogens,
an iodine, a chlorine, and two bromine atoms. The 6 carbomsipheCs part) form the
benzene ring in the center. Rotating a molecule or turnilngér do not turn it into a new
chemical.

(a) C¢H,CIBr
(b) CGHQCIQBT‘Q
(C) CeHoIC1Bry
2. In how many ways can a strip of cloth with stripes on it be colored witlk different
colors? Do not count as different patterns that are equitdfi¢he cloth is turned around.

For example, the following two strips are equivalent, wH&estands for “Red”, “G” for
“Green” and “B” for “Blue™:

[RIG[R[B[R|R[B]




[BIR[R[BIR[G|R]

3. In how many ways can a tablecloth that is divided intex n squares be colored with
colors? There are two answers, depending on whether thextatil can be flipped over and
rotated or simply rotated to make equivalent patterns.

4. In how many ways can a necklace with 12 beads be made witth He&ds, 3 green beads,
and 5 blue beads? How many necklaces are possiblembttads of: different colors?

5. How many ways can you color the corners of a cube such that&dored red, 2 are green,
and 3 are blue?

6. How many ways can you color the faces of a dodecahedrorbudifierent colors?

2 lllustrative Solutions

We'll begin with a few problems that are simple enough to sabithout Polya’s method, which
we will do, and then we will simply apply the magic method, sirgy the technique, but without
explaining why it works, and we’ll see that the same answebtained in both cases.

2.1 A Striped Cloth

¢ In how many ways can a strip of cloth with stripes on it be colored witlt different
colors? Do not count as different patterns that are equitdfi¢he cloth is turned around.
For example, the following two strips are equivalent, wH&estands for “Red”, “G” for
“Green” and “B” for “Blue”:

[RIG|R[BJ[R[R[B]
[BIR[R[BJR]G[R]
We will consider a coloring valid if two or more adjacent pas have the same color. In

particular, a solidly-colored strip will be a perfectly gbsolution (where all the stripes are
the same color).

If we did not consider strips to be the same when turned arahedanswer is obvious—each of
then stripes can be filled with any df colors, making a grand total éf* possible strips. But
this answer is too big, because when you turn the strip arauntatches with one that has the
opposite coloring. At first it looks like we have double-ctesheverything, since each strip will
match with its reverse, but this is obviously wrong, if we siier, say, a strip with 2 stripes and
three colors. There a®® = 9 colorings (ignoring turning the strip around), but the totamber
of unique colorings given that we are allowed to turn thepstround is obviously nat/2, which

is not an integer.

The problem, of course, is that some of the colorings are sgtmen(in the case above, 3 of them
are symmetric), so the real answer is gotten by adding thebeumf symmetric cases to the
number of non-symmetric cases divided by 2. In this case;dlmilation gives:
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With this in mind, the general problem is not too hard to spive just need to be able to count the
symmetric cases. But a symmetric strip has the same stuff@right as on the left, so once we
know what'’s on the left, the stuff on the right is determin&tere’s a minor problem with odd and
even sized strips, but it's not difficult. For an even numbfestdpes, sayn = 2m, there arek™
different symmetric possibilities. H is odd,n = 2m + 1, there aré™ ! symmetric possibilities.
Using the floor notationz | to mean the largest integer less than or equal, twe can write this
in terms ofk andn as follows:

pLn1)/2]

Since this is the number of symmetric colorings, the totahber of colorings can be obtained
with the following formula:

= kDR gy _ R A RO
2 N 2

We can use this formula with = 5 andk = 3 to solve the original problem, and the answer is
135. In addition, check that the following are also true:

o If all five slots are green, clearly, there’s only one way tdtdo
o If the five slots must be filled with three reds and two greemsie are 6 ways to do it.

¢ If you can use two reds, two greens, and a blue, there are 1§ twwalor it.

Now we will illustrate a method that will solve the problerm¢amany similar problems besides),
but we will not, at first, explain how or why it works.

For what appears to be no apparent reason, look at the twaipastons of the squares of the strip
of cloth. Call the colored locations, b, ¢, d, ande from left to right. There are two symmetry
operations: leave it alone, or flip it over. In cycle notafitirese correspond tdu)(b)(c)(d)(e)
and(ae)(bd)(c).

The first one (leave it alone) has five 1-cycles. The secorgli{ftiver) has one 1-cycle and two 2-
cycles. Letf; stand for 1-cyclesf, stand for 2-cycles. In this case there are only 1- and 2-sycle
If there were 3-cycles, we would ugg, et cetera.

Indicate the two permutations as followg; and fi f2. There is one of the first type and one of
the second type, so write the following polynomial which valscall the “cycle index”:

_ L4 AR
5 .

P

The 2 in the denominator is the total number of permutatioisthe 1 in front of each term in the
numerator indicates that there is exactly one permutatitmtivis structure.

Now, do the following strange “substitution”. Since we'rggrested in three colors, we'll substi-
tute for f; the term(z + y + 2) and for f,, the term(z? + 32 + 22). We only havef; and f, in
this example, but if there were g3, we'd substitutgz® + y° + 2°). Similarly, if there were 4
colors instead of 3, we’'d use four unknowns instead of jugt, andz.



Doing the substitution, we obtain:

(z+y+2°+(@+y+2)(a®+y°+2°)?°
2 9

pP= 1)

which, when expanded, gives:

10z 24+ 102y 2> +16xy? 22 + 25 495 4+ 2°
+162% 922 +1023y 2+ 1622y 22 + 32ty + 32 2 + 3w 9?
+3:Cz4+6x3y2+616322+6:62y3+6x223+3yz4+3y4z
+6y° 22 + 69723

Here’s the magic. If you add all the coefficients in front dftak terms:10+ 104+ 16+ - - - +3 +
6 + 6 = 135. And 135 is the total number of colorings! But there’s moraeTerm16zy222 has
a coefficient of 16, and that's exactly the number of ways ¢diiog the strip with a bluex) two
reds ¢/%), and two greens:£). Why on earth does this work?

Actually, there is anuchbetter way to “add all the coefficients"—notice that if we pign sub-
stitute 1 forz, y, andz, we get the sum of the coefficients. But there is no need torekpgua-
tion (1) before doing this—just let = y = z = 1 in equation (1). This gives uU$® + 3-32)/2 =
(243 4 27)/2 = 135.

Depending on how you learn things, you may want to jump aheaéddtion 3.1 where we look in
detail at this simple example of a striped cloth. Alternaljyyou can continue reading in order to
see a few more examples in detail first before looking at tltetlging mathematics.

2.2 Beads on a Necklace

e Countthe number of ways to arrange beads on a necklace, tigeecare: different colors
of beads, ana total beads arranged on the necklace.

With a necklace, we can obviously rotate it around, so if waber the beads in order as
1, 2, 3, 4, then for a tiny necklace with only four beads, thitepa “red, red, blue, blue” is
clearly the same as “red, blue, blue, red”, et cetera. Alsmesthe necklace is just made
of beads, we can turn it over, so if there were four colorficalgh we cannot rotate “red,
green, yellow, blue” into “blue, yellow, green, red”, we déip over the necklace and make
those two colorings identical.

Using standard counting methods, let's solve this problerhé special case wheke= 2 and

n = 4 (two colors of beads, and only 4 beads—it'sery short necklace). Then we will apply
Polya’s method and see that it yields the same result.

With 4 beads and two colors, we can just list the possibdlitiEhere is obviously only one way to
do it with either all red beads or all blue beads. If there is ted and three blue or the reverse—
three reds and one blue, similarly, there’s only one way td.dbthere are two of each, the blue
beads can either be together, or can be separated, so thavwearays to do it. In total, there are
thus 6 solutions.

Now let’s try Pblya’s method:



If the bead positions are calleq b, ¢, andd, here are the permutations that map the necklace into
itself:

(a)(b)(c)(d), (adeb), (ac)(bd), (abed), (ad)(be), (ac)(b)(d), (ab)(cd), and(bd)(a)(c). (Check
these.) Note that we are listing even the 1-cycles (the bibadislon’'t move) because it will help
us in setting up the equation.

In the notation we used previously, we can write down theejadex:

_ Lft+2f3fo+3f3+2f4

P
8

Since there are three permutations having two 2-cyclesetisea3 in front of the termfZ2, et
cetera. Letf; = (z +y), fa = (2® + y?), andfy = (z* + y*). Since there are only two colors,
we only needr andy. Substitute as before to obtain:

p_ @yt +2@+y)(a® + yZ) +3(@ +9°)? + 2 +y) @

If we expand, we obtain:

£C4 +:C3y+2:v2y2 +$y3 +y4_
It's easy to check that these terms correspond to the 6 wagstmould be arranged, where there’s
a unique way to do it unless there are two of each color, in vbése there are two arrangements.
Also notice that it gives our detailed count as well. If wenthof thex as corresponding to a “red”
bead, and to a “blue” bead, the coefficient in front of the tetrth (which is 1) corresponds to the
number of ways of making a necklace with four red beads. Tmefdint of thez?y? term means
that there are two necklaces with two beads of each coloeteta.
And notice again that by substituting= y = 1 into equation (2) we obtain the total count:

2042.22.243-2242-2  164+16+12+4

6.
8 8

Now let’s try something slightly more interesting. Whatlietre are three colors? Let's call the
colors “R”, “G” and “B”, for “red”, “green”, and “blue”.

Here’s a brute-force count. Check to see that you agree hdtledunts below:

e All the same color (3 ways)
e Three of one color and one of another (6 ways)
e Two of one color and two of another (3 ways)

e Two of one color and two different colors (3 ways)

In the previous example (4 beads and 2 colors) we worked outrhany ways there were to do
all but the last one—one way with all the same color or with 20é color, and two ways with

two of each of two colors.

A little bit of scratch work should convince you that there atso only two ways to do the last
case (the two beads of the same color can be adjacent or not).



Thus the grand number of ways to place beads of 3 differentsoln a necklace with 4 beads is:
3:1+6-14+3-243-2=21.
With three beads, the equation for the cycle indefcorresponding to equation (2) above) is:
(x+y+2)"+2@+y+2)>%@*+y°+27)

—|—3(I2—|—y2—|—2’2)2+2(1174+y4+24)
8

P =

®3)

If we just want the grand total, we can substitute- y = z = 1 into equation (3) to obtain:

34+2-32~3+3-32+2~3781+54+27+67168721
8 - 8 T8 T

We can, of course, expand equation (3) and obtain:

(z* 4+ y* + z4) + @By + 23z +ay® + a2y +y2d)
+(20%y% + 22727 4 20%2%) + (22%yz + 22y2? + 22y°2).

Note that groups corresponding to the various combinatbhsads in the list above are gathered
together with parentheses.

Clearly with a small numbers of beads and colors, it's propabsier just to do a brute-force
enumeration, but if the number of beads or colors gets l&§ha’s method becomes more and
more attractive.

To illustrate, look at a necklace with 17 beads in it. A ligflaying around will show you that the
cycle index polynomial you need is this:

T+ 16 f17 + 1711 fS

P =
34

Let’s try to solve this with 4 colors of beads to obtain:

(Wt z+y+2)7 +16(w'7 + 217+ yiT 4 217
HF17(w + 2 +y + 2)(w? + 22 +y* + 2%)8

P =
34

(4)

Substitutingw = * = y = z = 1 into this yields505421344 solutions. If you have a really
strong stomach, you can multiply out the expressionfoand get the breakdown for various
color combinations.

Notice that if you have a particular problem, you can oftelwesdt without a complete expansion
of the expression foP. For example, if you want to know, for the 17-bead necklacsy many
examples there are with 2 red, 4 blue, 3 yellow, and 8 greedsheal you need to do is to
calculate the coefficient ab?z*y%2® and you will have the number you want. A very valuable
tool is the formula for multinomial coefficients (which issjua generalization of the formula for
binomial coefficients). Here is the multinomial expansidr(o+ y)™, of (z + y + 2)™ and of
(w+x+y+2z)". It's easy to see what the generalization to any number édibkas will be. (The



binomial expansion has been written in a slightly diffefemtn than usual so you can see how it
relates to the more complicated versions.)

n! . n! X ,
no_ E i, E i, n—i
(z +9) _ Y — i!(n—i)!xy

151
itj=n l] 1=
4,j>0
|
(x+y+z)n — § : o xlyjzk
L gllE!
itjtk=n
i,3,k>0
n n! i,k
(wH+zx4+y+2)" = E Wyt
o ik
i+j+k+l=n
i,5,k,1>0

To illustrate with our example above to count the number cktezes with 2 red, 4 blue, 3 yellow,
and 8 green beads, we look at the three terms in the numefaquation (4). We are looking for
coefficients of terms like thisw?zy328.

In (w+ z + y + 2)'7, the coefficient will bel7!/(2!4!3!8!). There will be no appropriate terms
from the expansion of6 (w'” 4+ 27 + y'7 + 217). From17(w +z +y + 2) (w? + 2% + 32 + 22)8,
the part on the right will only generate even powers of theéaldes, so the only way to get the
term we want is to picly from the first term, anev2z*y228 from the second, and this will occur
81/(112!114!) times. So the coefficient we are interested in is:

17! 8!
+17
PAZIRIEY . 11211141 _ g013920.

Thus, there are 901320 ways to make such a necklace.

3 What's Going On?

The construction of the functions above is rather mysterigo let's spend a little time looking
at why it might work. We’'ll begin by examining some very siraglases of symmetry to see why
Poélya’s method works on these.

Note that none of the sections below provides a proof thattbhnod works; each section simply
provides another way to think about what is going on.

3.1 Striped Cloth Analysis

Let's examine the first problem we looked at again, where wemtad colorings of a striped cloth,
but we’ll start from the simplest possible example—a pietelath with one stripe. Clearly, if
there aren colors available, there areways to color the stripe.

There is only one permutatiofl), so the associated equation focolors will look like this:

A mitas 4w,

P
1 1

This has the: termsz 1, 2, ...7,.



But perhaps that is too simple; let's consider a cloth witlo strips. If the colors are called
A,B,C,---, then here are the possibilities for2,3, and4 colors, wherd AC], for example,

represents the cloth with one stripe colorkédnd the other colored. Of coursgd AC] is the same

as[CAJ:

1 [A4] (5)
2:  [AA|BBI;[AB] (6)
3:  [AA][BB][CC); [AB][AC][BC] @)
4:  [AA|BB][CC)[DD}; [AB||AC]|AD)[BC)[BD)(CD] ()

Notice that if there are colors, there will be(’}) strips of the form[AB], whereA and B are
different colors and: of the form[AA]. Thus the total number of colorings ({§) + n.

Going back to the formulation in terms of permutations, ¢hare only two of them(a)(b) and
(ab). The formula forP is:

_fitfa

==

P
Doing the magic substitution for colors gives:

Ty o+ F )’ + (@] f a3+ Fa)

1<i<j<n

There are(g) terms of the forme;z; andn terms of the forme? (which you can think of as;z;
for the benefit of a comparison to the lists in (5) through &pve).

Every symmetry of the strip reduces the number of possilttepes. The inclusion of the permu-
tation (ab) makes patterngd B] and[BA] equivalent, where they would be considered different
without that symmetry.

Consider what happens to the equationfoas additional symmetries are added (and the number
of distinct colorings decreases). The denominataPa$ increased by 1 for each new permuta-
tion and although new terms are added to the numerator, #ierfewer of them. Consider the
difference between the two terms in the numeratorfoin equation (9)—the first expression,
(w1 + -+ -+ ,)% makesn? terms (counting multiplicity). The second expressi@rf, + - - - +22),
only adds» terms.

In fact, the more things a permutation moves around, therfeamns it generates in the numerator.
Let’s count the terms for all the possible shapes of perrnautabf 4 items with. colors:

Count Shape Formula Terms
1 ()  f n'
6 (ab)(c)(d)  fif n®
3 (ab)(cd) B
8 (abc)(d) fifs n?
6 (abed) fa n




The count is the number of permutations having that shapdptimula is what goes in the numer-
ator of P, and the number of terms is counted with multiplicity—inethvords,z; z- is counted
differently from zox;. Thus the permutation that doesn'’t collapse any colorigggp)(c)(d),
adds the most terms to the numeratet, The permutation that moves every color position to
another,(abed), has the fewest;. Even though(ab)(cd) moves everything, it moves them in a
restricted way—the colors in slotsandb cannot mix into slote andd under this permutation,
and hence, since it does less collapsing, it adds more tautmerator ofP (n2 terms).

3.2 A Fixed Point

As a second example, let’'s consider a situation where tbevallle symmetries always leave one
region fixed. In the example of the strip of cloth that we cdesed in section (2.1), if there are
an odd number of stripes, the center stripe is fixed—it alvgmes to itself under any symmetry
operation. Here’s another example: imagine a structuré with tinker-toys with a central hub
and eight hubs extending from it on sticks, as in figure 1. li'ye gotn different colors of hubs
and you want to count the number of configurations that can daemit's pretty clear that the
central hub will always go to itself in any symmetry operatidt’s quite easy to make up any
number of additional examples.

Figure 1: Tinkertoy Object

In any example where one of the positions to be colored is tiyeall of the symmetry operations,
it's clear that if you can count the number of configuratiofighe rest of the object when
colors are used, to get the grand total when the additiorad fposition is included, you'll simply
multiply your previous total byn. What does this mean in terms of the permutations and the
polynomial that we construct?

If you have the polynomial corresponding to the figure withtbe fixed point, to include the fixed
point, you simply need to add a 1-cycle to each of those yaadly have. For example, suppose
your figure consists of a triangle with the point at the cematemell that is fixed. If the three
vertices of the triangle are called b, andc, and the point at the center is callédwithout the
central point here are the permutations:

(a)(b)(c), (ab)(c), (ac)(b), (bc)(a), (abe), (ach).
With pointd included, here they are:
(a)(b)(c)(d), (ab)(c)(d), (ac)(b)(d), (be)(a)(d), (abe)(d), (acb)(d).

The new polynomial will simply have anothér in every term, so it can be factored out, and the
new polynomial will simply have an additional factor @f; + 2 + x5+ - - - + z,,) (@ssuming you



are working the problem with colors. The total count will thus simply betimes the previous
count, as we noted above.

To make this concrete, look at this triangle case with thmders. Ignoring point, we have:

_ 2 +3f1fa+2f3
G .

P

If we included, we get:

_ fE+3fEfo+2f1fs  fi(f2 +3f1fa+2f3)

P

6 6

If we substitute(z + y + z) in the usual way, we obtain:
P:x3—|—y3—|—z3+x2y+x2z—|—xy2+xz2—|—y2z+yz2+:17yz,
and for P’ we obtain:

P = (z+y+2)P
= (@4+y+2)(@®+y3+ 2+ 2%y + 22+ ay? F a2 oyl 4y +ay2).

3.3 Independent Parts

Assume that the allowable symmetries are, in a sense, discted. As a simple example, imagine
a child’s rattle toy that has hollow balls on both ends of adik@nand one of the balls contains 3
marbles while the other contains two. In how many ways cartitle be filled with marbles of 4
different colors? Or perhaps a more practical example ssekample from chemistry: Imagine a
carbon atom hooked to a nitrogen atom. You can connect thihee atoms to the carbon and two
other atoms to the nitrogen. If the other atoms to be hookeat®@ghosen from among hydrogen,
fluorine, chlorine, and iodine, how many different types loémicals are possibie

In the rattle example, there is no ordering to the three nearbh one end of the rattle and to the
two on the other end, but the two ends cannot be swapped $iegedntain different numbers of
marbles. All the symmetries involve swapping among thegtmreamong the two. So if, b, and

c represent the marbles on the three side, anldaifide represent those on the two side, we can
take what'’s called mathematically a “direct product” of thdividual groups to get the symmetry
group for the entire rattle.

All the entries in the table below form the symmetry group tloe rattle as a whole. Each is
composed of a product of one symmetry from the three side aedrom the two side:

| (a)(b)(c) (a)(be) (ab)(c) (ac)(b) (abe) (acb)
(d)(e) | (a)(®)(e)(d)(e) (a)(be)(d)(e)  (ab)(c)(d)(e) (ac)(d)(d)(e) (abe)(d)(e)  (ach)(d)(e)
(de) (a)(b)(c)(de) (a)(be)(de) (ad)(c)(de) (ac)(b)(de) (abc)(de) (acb)(de)

Thus, when we have a term likg f» from the three group and an element likg in the two
group, the combination will simply generate a term that &hoduct of the twoyf; f, and this

1Although it may seem that these two examples are identluay, are not—the marbles in the three side can be swapped
in any way (so there are 6 symmetries); on the carbon ato céireonly be rotated (so there are only 3 symmetries).

10



will happen in every case. It should be easy to see (if youtds®® it, work out the polynomials
and check) that if>; is the cycle index polynomial for the two group aRglis the one for the three
group, then the cycle index polynomial for the entire pefatiah group will simply beP, P;, and
it's clear that the counts of possible configurations withgly be the products of the individual
configurations.

3.4 Cyclic Permutations

Next, let’s look at one example that is still simple, but arhibre complicated than what we've
examined up to now—we’ll examine the case where the positiam be rotated by any amount,
but cannot be flipped over. For concreteness, assume thakeygmt a circular table, and you wish
to set the table with plates &f different colors, but rotations of the plates around théetalve
considered to be equivalent. In how many different ways bantte done?

It seems that cyclic permutations are pretty simple, butcagllysee, at least a little care must be
taken. We'll examine two examples that seem similar at fingt,illustrate most of the interesting
behavior that you can see. We'll look at the groups of cyaimputations of both 6 and 7 elements.
Call the positionst, b, ¢, d, e, and f (for the table with 6 place settings), and we’ll add position
g for the table with seven. Listed below are the complete setydic permutations of 6 or 7
objects.

@OO@ET)
(abcdef)
(ace) (bl
(ad)(be) (c)
(acc)(bfd)
(afedcd)

D QAU O TR R

0O TR 0 X
QU O TR

~ 0 QO TR
Q=0 LD

(a)(b)(c)(d)(e)(f)(g)
abedefg)

L Q0 Qe
QY w0 Q0 oS Q=0 o oo

0O T2 Q w0 Q|
QL O Q2 Q OO
D QAU QR

TR Q0O AUO|O

0 QA0 O Q|

g

Notice that the lower table (for 7 elements) has every peatiort except for the identity the same
(in terms of cycle structure), while the table with 6 elensehas a variety of cycle structures.
The reason, of course, is that 7 is a prime number. With thie®ent example, three rotations
of two positions or two rotations of three positions bringiylmack to where you started. If the
plates on the 6-table are colored “red, green, red, greéngreen”, they rotate to themselves after
every rotation of 2 positions, or if the coloring is “red, gre blue, red, green, blue” they rotate to
themselves after a rotation of three positions. In fad,eisy to see that something similar will
happen for any integer multiples of the table size. If thdeabhowever, has a prime number of
positions, the only way to bring it back to the initial configtion is to leave it alone, or turn it
through an entir860° rotation.

11



Thus if we are counting colorings that are unique even takatgtions into account, we should
expect different behavior if the number of positions is pior not. Clearly the cycle indices of
the two examples above look quite different:

P43 +2f3+2f6

Ps = -

and -
P 200

3.5 Three More Examples

Now let's look at three related examples in detail to see yxdow the cycle structure of the
symmetry permutations affect the number of possible codyi

We will look at coloring the three points of a triangle, butlwvthree different interpretations. We
will call the three vertices of the triangle that can be cetbr, b, andc:

1. No symmetry operations are allowed. In other words, @adps red andb andc green is
different from coloringb red anda andc green. The only symmetry operation allowed is
to leave it unchanged. The symmetry group is tHi&)(b)(c)}. The cycle index is this:

P = (f})/1.

2. Rotating the triangle (but not flipping it over) is allowesb the triangle can be rotated to
three different positions, or three different symmetry ragiens. The symmetry group is
this: {(a)(b)(c), (abc), (ach)}. The cycle index is thisPs = (f7 + 2f3)/3.

3. Rotating and flipping the triangle is allowed. In this gabkere are 6 symmetry operations.
The symmetry group is this{(a)(d)(c), (abc), (acb), (a)(be), (b)(ac), (¢)(ab)}. The cycle
index is this:Ps = (f7 + 3f1f2 + 2f3)/6.

In each case, let's consider the situation with three difiécolors allowed, so we'll be plugging
in (x* + 3 + 2%) for £; in the cycle indices above. Here’s what happens in the trasescabove:

1. First of all, it's clear in this case that every differessmnment of colors leads to a unique
coloring since only the identity symmetry operation isaal. Thus there should 38 =
27 colorings. It's probably easiest to see what’s going on yeedingP, = (z + y + 2)3
at first without using the commutative law to condense theibdgies:
P = xzzx+zey+xxz+ zyr + vyy + xyz + e+ xzy + 22 +
YTT + Yry + Yyrz + yyr + yyy + yyz + yzr + yzy + yzz +
ZXT + ZXY + 2TZ + 2YT + 2YY + 2YZ + 22T + 22y + 222
= B4+ + 2430+ 2+ ay? + 22+ %2+ y2?) + 6oy

Before grouping like elements, the 27 terms correspondtlyxtacthe 27 colorings, where
xyy corresponds to color in slota, y in slotb, andy in slote, et cetera.

After grouping, the fact that there are 3 terms like: means that there are 3 ways to color
using twoxs and ay.

There’s only one symmetry operation (the identity), so wiy divide by 1.
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2. In this case, since rotations can make certain colorihgstical we’ll expect to have fewer
final configurations. Think of it as making all 27 coloringsimashe first example, and then
grouping together those that are the same.

L +2f;

3 )
so we're adding a bunch of terms to the numerator withethe but we are also dividing by
3instead of by 1.

Notice that the expansion ¢ff has more terms than any of the other possibilitiegs—

in this case, and an additionaf, f> in the following example. In this case, tlg5 will
contribute2(z3+y3+23)—just six terms (counting each one twice because of the coesffi

of 2). So there are no®7 + 6 = 33 terms in the numerator, but we divide by 3 making only
11 final terms:

P =

Py =2 + 3 + 22 4 (2y + 2%z + ay® + 222 + Pz 4 y2?) 4 2ay2.

There are 2ryz terms since three different colors can be arranged cloekaiscounter-
clockwise, and since the triangle cannot be flipped ovesglage distinct.

3. In this case with all possible rearrangements allowestetshould be even fewer examples
(in this small case, it will only be reduced by 1, since we onlif combine the twozyz
terms).

But let's look at the cycle index. The numerator will be thengaas in the example above,
but with the addition of the terrdf, f>. The denominator will be doubled to 6.

For three colors3 fifo = 3(z + y + 2)(2? + y? + 22), which will have 27 terms (again
counting multiplicity). So combining this with the 33 term®&'ve already considered, we
have(33 + 27)/6 = 10 terms:

Ps =2+ 3 + 22+ (2%y + 2%z + 2y + 222 + yP2 + y2?) + 2z

It's a good idea to examine these cases yourself a bit moedutlyrto see exactly how the terms
combine to reduce the number of colorings. You should aistotconstruct some other cases. For
example, again with the same triangle as above, supposejneyammetry operation allowed is
to leavea in place and to swapandc. Try it with 2 colors, or 4 colors. Try a square with various
symmetry operations, et cetera.

3.6 Yet Another Approach

Let us again consider the simple case of an object that has #ots to be colored, and we will
consider various symmetry operations on it and what eachdwdo to the count of the total
colorings.

3.6.1 Only the Identity

As we've said before, if no symmetry operations are allovibdre is only one symmetry oper-
ation, the identity:(a)(b)(c), yielding n® colorings, where: is the number of available colors.
P = f}=(z1+ -+ x,) hasn® terms so everything works out in an obvious way.
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3.6.2 Identity Plus a Transposition

What if there is a single additional symmetry operation; absra transposition (the exchange of
the first two items)? The two symmetry operations includedkeatity: (a)(b)(c), and(ab)(c).

If a coloring had different colors in slotsandb, this additional permutation will collapse those
two into one. Another way of saying it is that the total numbiecolorings will be reduced by half
the number of original colorings with different colors iretfirst two slots.

Originally, there weren® colorings. A rough approximation of the new counti$/2, but this
is too small, since it also cut in half the count of coloringshwidentical colors in slota andb.
There aren? of those, so the approximatior¥ /2 has taken out half of those®. Thus to get the
correct count, we must add itf /2, yielding (n® + n?) /2, which is exactly what Polya’s method
gives us.

3.6.3 Identity Plus a Rotation

If we include a rotation instead of a transposition, we h@Jéb)(c) and(abc). Of course if we
allow rotation by one unit we can apply it twice so we have tude (acb) for a total of three
symmetry operations—Ileave it alone, rotate one third, tateawo thirds.

With both rotations available, the only colorings that anaffected by them are those where all
three colors are the same. Withcolors, there are only ways to color all three slots identically.
Since any non-uniform coloring can undergo two rotationdleft alone), the count of distinct
non-uniform colorings is reduced by a factor of three. Thasabove, the first approximation
on the number of distinct colorings is*/3, but this has removel/3 of the uniformly colored
configurations, so we must add backin/3. The final count of distinct colorings is this® +
2n)/3, again, exactly the result predicted by Poélya’s method.

3.6.4 Full Symmetry Group

With the full symmetry group of 6 operations allowed on ouethslots, the number of distinct
colorings withn colors should be even smaller. The complete list of the 6 sgtrigs includes:

(@)(b)(c), (ab)(c), (ac)(b), (a)(be), (abe), (acb).

Polya’s formula will be:P = (f + 3 f1 f2 + 2f3)/6. With n colors, this will give ugn3 + 3n? +
2n)/6 distinct colorings.
With 6 symmetry group elements, each color configurationtearearranged in 6 different ways,
so the first approximation to the number of colorings:#g6. But any coloring that contains 2
colors the same and one possibly different can only be negein 3 ways. There arée of those,
so the division of.? by 6 took out twice as many rearrangements as it should haweg snust add
in 3n2/6. Finally, the count of: configurations where all three colors are the same were egduc
by a factor of 6, so we've got to adif 6 of them back in. But we already addeddyi6 of them
when we counted configurations with at most two colors, so gedronly ad®n /6. Adding all
three, we obtain:

n3 +3n2 4+ 2n

6
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4 Why It Works

First let's look at a technique to solve a simple problem. fge you rolin dice. The total can
be anything fromrm (if all the dice show a “1"”) andn (if all the dice show a “6”). There ar&”
possible outcomes if the dice are different colors so youetthe dice apart, so what proportion
of the rolls will yield a6, 7, ...6n?

One solution is this: To find the number of ways to obtain tha &y simply calculate the coeffi-
cient ofz* in the expansion of the following expression:

(! + 22 + 2% + 2 + 25 + 20" (12)

If you multiply this out, it is equivalent to choosing one bktterms from each of the copies of
the expression in every possible way, and so the exponemafriegrm in the product is the sum of
the exponents of the terms that make it up.

If this isn’t clear, let’s first consider the specific case whe = 2, and instead of squaring the
expression in 11 let’'s multiply:

(z! + 22 + 23 + 2* + 2° + 25)

by
W' +v7+ 3P+t + 97 +00).

If we do so, we will obtain the following 36-term product:

.I'lyl +w2y1 +(E3y1 +(E4y1 + ZCSyl +.I'6yl
l’lyQ +x2y2 +$3y2 +$4y2 + (E5y2 +9c6y2
x1y3 +x2y3 +I3y3 +x4y3 + I5y3 —|—.C66y3
$1y4 +$2y4 +I3y4 +I4y4 + I5y4 —|—.C66y4
.I'ly5 +x2y5 +$3y5 +$4y5 + (E5y5 +1’6y5
.I'lyG +.I'2y6 +$3y6 +£C4y6 + £C5y6 +1’6y6

(12)

Notice that all 36 combinations of one term from the first @gsion and one term from the second
expression appear in the product. If you thinkedfmeaning “the red die’s face showed a 3” and
y® meaning “the green die’s face showed a 57, then the tetp? means that “the red die’s face
showed a &ndthe green die’s face showed a 5”. All 36 pairs appear exacitgpcorresponding
exactly to the 36 different outcomes of rolling one red and green die.

To count the number of pairs whose sumt j$or example, we just need to count the terms whose
x andy exponents add té. These are:'y?, £2y? andz3y', so there are 3 ways out of 36 that will
show a total oft.

If we had multiplied by an additional expression:
(z1+z2—|—z3+z4—|—z5+z6)

there would be 216 different terms representing every ptessiombination of a red, green and
blue die, wherec'y*z' would represent the situation that the red and blue dice sdawl and
the green die showed a 4, et cetera. Counting the numbermo$ tierthis situation that add to a
particular number is a bit more labor-intensive, but thaigesimple.
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But there is a much easier way to do it. If, in equation 12, westtutex for y, then instead of
having a term liker3y* we would haver3z*, but that will simplify to makext* = z7. The7

is the sum of the numbers on the faces of the dice. When addethtr, all ther” terms will
combine, and the final coefficient of in the product will be the same as the number of pairs of
dice whose faces add o Here is the standard expansion of equation i 2:

alh 224 234 a4y 254 46
2l 224 234 phh B4 46
2T 254 9+ 2004 2t 212
254 274 284 29+ 2104 1
2o+ 204+ 2T+ 284 224 210 (13)
A 4 a4 2T 284 29

x3+ x4—|— x5+ x6—|— a:7—|— x8
224+ 3+ 4 2+ 28+ 27
1224223 +322+ 425+ 525+ 627+ 5284+ 429+ 3210+ 22 1 + 1212

From the expansion, we can see that there is one way to obh&iotal2, two ways to obtain the
total 3, and so on, up to one way to obtain the tdtal

If you raise
(x1+:c2+a:3+:1:4+x5+:1:6)

to higher powers, the coefficients continue to represenduings. For example:

(a:1+x2+x3+a:4+:c5+:c6)5:
1230 + 5229 + 15228 + 35227 + 70226 + 1262%° +
205224 + 30542 4 420222 + 54022 4 65122° +
73529 + 780218 + 780217 + 735216 + 65120 +
540z + 42023 + 305212 + 2052 + 126210 +
702° + 3528 + 1527 + 52% + 12°

so of the6® = 7776 outcomes of rollings dice, 1 of them shows a sum &0, 5 of them show a
sum of29, 15 of them show a sum df8, and so on.

We can take advantage of the same idea of using the exporferatsables to help count config-
urations of the type of counting problems that we've beenkingy on in the earlier parts of this
document. For example, if we ignore symmetry altogetheramshkg “How many ways are there to
color a sequence of four spots with three colors?”, the gmldan be encoded into an expression
as follows, where we think of the as representing the three different colors:

(c1+co+ 03)4 =cicicc1 +eicicice + cicicicg + cicicecy + - - -+ c3c3eace + c3c3cscs.
There will be3* = 81 terms and they will correspond exactly to thiecolorings of the four spots.
If we simplify the terms ag;cac3c; = cicacs, then after combining like terms the coefficient in

front of the termc? coc3 will represent the number of such colorings that include $pots colored
with the ¢; color, and one spot each of colarsandcs.
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Had we been searching for combinations to calspots withmn colors, we simply need to expand:
(c1+eca+...+em)”

and combine terms as above.

Now let's look at a situation where there’s a little symmetiye’ll use a special case of the
example in Section 2.1. Suppose that we are using threesootoa strip of material that has five
stripes, but the material can be turned around so that a ‘lteddreen red red” is the same as a
“red red green blue red” configuration. In other words, if wbdl the stripes from left to right as
1,2, 3,4, 5, then turning the strip around is equivalent to applyinggeemutation(15)(24)(3) to

it.

If we just consider this one permutation with tlecycles and oné-cycle, we can ask the fol-
lowing question: “How many colorings are there (using thrzelors) which are ‘fixed’ under this
permutation?” In the previous sentence, ‘fixed’ means thatpattern looks the same after the
permutation is applied. Moreover, we'd like to know how maugh patterns there are using some
fixed set of colors (like two blues, two reds, and a green).

It's obvious that the only patterns that will be fixed are #hasth stripesl and5 colored the same
and with stripe and4 colored the same. We don't care about the coloring of strgince the
permutation maps it to itself. This means that there are upree colors to consider, some of
which may be the same: the color of strigeand5, the color of stripe€ and4, and the color of
stripe3.

Consider the following product:
(cl + 3 +c5) (1 +eates) = (] + 3+ c5)(c] +c3+cf)(er +ea+ca).

The terms in the product are formed by choosing in every ptessiay one element from each set
of parentheses in the expression on the right. If we thinkhefdhoice from first group as being
the choice for the color of stripelsand5, the choice from the second group as determining the
colors of stripe® and4 and the third choice as the color for the middle sti3p&e can see that
every term represents a valid coloring wheredhterms represent the three colors. The nice thing,
though, is that the, terms in the first two sets of parentheses are squared, tmtj¢hat the color

is used twice. Thus when the terms are combined, the exppaerhec; will indicate how many
stripes of each color is required for that particular patter

For example, if we select the first term from the first set oépéneses, the second from the second,
and the third from the third, we obtain?c3c; meaning that this term corresponds to one of the
colorings that uses two of the first color, two of the secordi@me of the third.

Now imagine a more complex permutation (suppose we areingltre four vertices of a square).
Then the symmetry operation that rotates the square witlli@e this: (1234). The only colorings
that are fixed by this permutation are those with the samer émleach corner. Thus once you
choose the color, you're committed to use it four times, gaénm in a product where thétcycle
appeared would look something like this:

(c1 +c3 + c3),
assuming there are three colors.

In fact, if a cycle of lengthn appears in a symmetry permutation of an object to be colored,
every element in that cycle must have the same color, or thezowill not be fixed under that
permutation.
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What we have up to now is this: If there is an object with a sgtosfitions that can be colored with
k colors and we consider a permutation of those positions eviher permutation has cycles of
length1, p, cycles of lengtt, ..., andp,, cycles of lengthn (note that many of the; may be
zero), then if: } . }
fi=(d+ce+--cp)
then if we expand and simplify:
R AR (14)

then the sum of the exponents in every term will be the sambeasumber of positions in the
object, and the coefficient in front of each term will reprasehe number of distinct colorings
defined by the exponent values that are fixed by the given pation.

For a given permutation, we will call the corresponding paignial in ¢; the “pattern-inventory
polynomial”.

5 Burnside’s Theorem

To take the final step, we'll need to learn a little bit aboudigy theory; namely, enough to prove
what is known as Burnside’s theorem. We can then combineaittatvhat we have so far to prove
that Pblya’s counting theory works. Before we can proverBide’s theorem we will need to take
a little detour to learn some very basic facts about grouprthe

5.1 A Gentle Introduction to Group Theory

A “group” is a simple mathematical object that consists oé&($ of elements (finite or infinite,
but in this article we will only consider finite groups) andiagde binary operationr on those
elements satisfying the following four conditions:

1. The operatior is closed. In other words, if € G andb € G thena xb € G.

2. The operation is associative. In other words,df b andc are any elements a¥ then:

ax(bxc)=(axb)xc.

3. There exists an identity element G such that for every € G:
a*xe=exa=a.
4. Forevery € G there exists an elemeat! € G called the inverse aof such that:
axa :a_l*a:e,

wheree is the identity element mentioned above.

Note that the operatichis not necessarily commutative. There may be elemerts? andb € G
such that x b £ b * a.
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A group can be as simple as just the identity, whetee = ¢ is the operation, or can be terribly
complicated. They can be finite or infinite, and the study afugrtheory is a huge subject in
mathematics.

Although there are thousands of examples of groups, in thislewe will only be interested
in permutation groups: groups such that the elements afe permutations of objects in some
set. In such groups, i andb are two permutations, then the permutatior b will simply be
the permutation of the set’s objects by applying first peatiaba and next, permutatioh The
identity, e, in a permutation group is simply the permutation that Isaeery object where it is.
For a5-element sef1, 2, 3,4, 5} of objects, we would have = (1)(2)(3)(4)(5).

The inverse of a permutatianis the permutation that undoes whatloes. In other words, i
moves objectl to object3, thena—! moves objecB to objectl. In the standard cycle notation,
the inverse is obtained by reversing all the cycles. For gtam

(D23 4)(56)(T)(89)" = (98)(7)(65)(432)(1).

5.1.1 S5: The Symmetric Group on 3 Objects

Let's look in detail at a particular group:the group of alhpeitations of the three objects, 2, 3}.

We know that there are! ways to rearrange items since we can chose the final position of the
first in n ways, leavingn — 1 ways to chose the final position of the secomé; 2 for the third, and
soon. The producty - (n —1) - (n—2)---3-2-1 = nlis thus the total number of permutations.
For three items that means there 3re- 6 permutations:

(1), (12), (13), (23), (123)and (132).

Table 1 is a “multiplication table” for these six elementincg, as we noted above, the multipli-
cation is not necessarily commutative, the table is to berfmeted such that the first permutation
in a product is chosen from the row on the top and the secomd fr@ column on the left. At
the intersection of the row and column determined by thesécek is the product of the permu-
tations. For example, to multipl§l 2) by (1 3) choose the item in the second column and third
row: (12 3).

1) (12 (13) (23 (123) (132
(1) (1) (12)  (13) (23) (123) (132)
12) | 12) (1) (@132 (123) (23 (13
13) | (13) (123 (1) (132 (12) (23
(23) | (23) (132 (23 1) (13 (12
(123) | (123) (13) (23) (12) (132) (1)
(132) | (132)  (23) (12) 13) (1) (123

Table 1: Multiplication of permutations of 3 objects
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5.1.2 Subgroups

If G is a group, we can talk about a subgradpof the groupG. We say thatd is a subgroup of
G if the elements off are a subset of the elements@f and if we restrict the operationto H,
then H itself will be a group.

If we let G be the symmetric group on three objects illustrated in adil.1, we see that it has
six subgroupsG itself, { (1)}, {(1), (1 2)}, {(1), (1 3)}, {(1), (2 3)}, and{(1),(123),(132)}.
Check that all of these are subgroups. The subgréijtself and the trivial subgroup(1)} are
not too interesting, but they are technically subgroups.

5.1.3 Cosets

If G is a group and{ is some group ofz, then for any elemenj € G, the “left coset’gH is
defined to be the set:
gH ={gh:h e H}.

(Note: the “right coset”Hg, is similarly defined, but we will not need it here. In the rekthis
article, we will simply say “coset” instead of “left cosét”.

Unlessg € H, the coselyH is not a group, but what is interesting is that the cosets nave
overlap, they are all the same size, equal to the siZé¢,aind that every element 6f is in one of

the cosets. This means th@tcan be divided into a number of chunks, each of which is the iz

its subgroupH, which implies that the size d@ is a perfect multiple of the size df . Recall the
examples in Section 5.1.%3 has 6 subgroups whose sizes are: 1, 2, 2, 2, 3, and 6: all ohwhic
are divisors of 6.

Using that group as an example again, here is a list of thedskts off = {(1),(12)}:

WH = {(1),(12)}
(12)H = {(1),(12)}
(13)H = {(13),(132)}
(132)H = {(13),(132)}
(23)H = {(23),(123)}
(123)H = {(23),(123)}

Notice that the cosets are all of size 2, which is the siz& p&nd that they are either identical or
completely disjoint.

First, let's show that all cosets are the same size as theculpg/. The only way that a coset can
have fewer elements is ifh; = gho Whereh, # ho. Butif ghy = gho theng='gh, = g 'gho
soehy = eho, SOh1 = ho. Thus all cosets are the same size as the subgiup

Obviously every element € G is in some coset, singec gH because € H, andge = g € gH.
Now we will show that ifg; H and go H share a single elemeptthen they are identical. Let
g € ¢1H andg € goH. Theng = g1h; andg = g2hs for somehy, hs € H. To show that
g1H = g2 H we need to show that if; € g1 H, thengs € g2 H.

If g3 € g1H, thengs = glhg, for somehs € H, and we need to show tha = gox, for some
x € H. Sincegihy = gaha We havegy = g1hihy *. Thusgez = g1hihy 'z = g1hs, o if there’s
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a solutionz we will have:
gihihy 'z = gihs.

Theng; 'gihihy 'e = g7 g1hs, SOhihy 'a = hg, orz = hohy 'hs, and sincef is a group;z is
clearly an element off, so we are done.

5.1.4 Groups Acting on Sets

We are interested here in how a gradmf permutations acts on a s&t As a concrete example
consider first the striped cloth problem that we examinedeatin 2.1. For concreteness again,
let's consider a piece of cloth with 3 stripes colored witheth different colors: red, green and
blue. The groug- consists of two permutations: one (the identity) leavessthipes as they are
and the other(13)(2), reverses them.

If we look at pieces of cloth and don’t have the option of reigg them, there are 27 colorings:

RRR RRG RRB RGR RGG RGB RBR RBG RBB
GRR GRG GRB GGR GGG GGB GBR GBG GBB
BRR BRG BRB BGR BGG BGB BBR BBG BBB

These 27 colorings compose the 3&tand the two elements @ operate on them. The identity
operates on an element &f by leaving it unchanged; the reversing permutation resstse first
and last colors, so it will majgRB — BRR, RGB — BGR, RRR — RRR, GBG — GBG,

et cetera. Notice how the first permutation fixes all elemehfs and the second fixes only some
of them (the ones whose first and last colors are the same).

If g € G andg acts onz € X to producey € X, we writeg(z) = y. If g is the reversing
permutation in the example abové RRB) = BRR, et cetera.

Notice that we can divide the elements of the Xeinto “orbits” where each element in an orbit
can be mapped to any other element in the orbit by some petionuta the groupG. In this case
the orbits are of size at most 2, since there are only 2 menuf&rs Here are some of the orbits
for this example:

{RRR},{RRG,GRR},{RRB, BRR},{RGR},{RGG,GGRY},...

Basically, the orbit of an elementof the setX (notation:Orb(x)) is the set of all elements that
members of the grou@ can map it to:

Orb(z) ={g(z): g € G.}

If one element: is mapped to another eleménin the orbit byg € G, thend is mapped ta: by
g~ ! € G. Theinverseg™!, is guaranteed to be i¥ sinceG is a group.

In the particular example above, there are 18 orbit¥ innderG. Make sure you understand why.

For a givenz € X, some members € G fix z: g(x) = z, and some act on to produce
something different frorz. For any particular, an interesting subset 6f (which we will prove
to be a subgroup af) is called the “stabilizer of” (notation: Stab(x)):

Stab(x) = {g: g € Gand g(z) = x}.
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To show thatStab(x) is a subgroup of7, first note thate(x) = z, soe € Stab(z). To show
closure, ifg; andgs are inStab(z), theng; (g2(x)) = g1(z) = z, SOg1g2 € Stab(z). Similarly,

if g1 € Stab(z) theng, (z) = x, sog; *(g(x)) = gy *(x), sox = g7 *(x), sog; ! € Stab(x).
SinceStab(z) is a subgroup of7, we can consider the cosets®fab(z). If g € G, then look at
the cosey Stab(x). For anyh € Stab(z), g(h(x)) = g(x), so every element in the coset maps
x to the same place. Since the cosets are disjoint, and tagethede all values ofy € G, every
coset corresponds to a different element in the orhit.afhus we have:

|G| = |Stab(z)| - |Orb(x)].
Since the formula above is true for everye X, we have, for every,; € Orb(x):
|G| = |Stab(x;)| - |Orb(z;)| = |Stab(x;)| - |Orb(z)).

In other words, the stabilizers of each of the elements irstiee orbit are the same size. (When
we place the “absolute value bars” around a set or group,d@ns&he number of objects in”. So
|G| is the number of objects i@¥'.)

5.2 Statement and Proof of Burnside’s Theorem

Burnside’s theorem gives the relationship between the muroborbits and the number of ele-
ments fixed by particular permutations in the grd@elpHere is a statement of the theorem:

Theorem 1 (Burnside) If X is a finite set and~ is a group of permutations that act oX, let
F(g) be the number of elements Xfthat are fixed by a particulag € G. Then the numbeW of
orbits of X underG is given by:
1
N=— F(g).
|G| 2

geG

To see that it works in the particular example abak¢e) = 27 (e is the identity ofG), and
F(g) = 9, whereg is the permutation that reverses the three colors. We haye= 2, so
(1/2)(9 + 27) = 18, which is what we determined previously.

Consider the set = {(g, ) : g fixes 2}. Then:
S| =" Flg),
geG

sinceF(g) is the number of elements i thatg fixes.
But another way to express the size%ifs:

|S| = Z |Stab(x)],
zeX

since the stabilizer af contains all the elements @ that fix x.

Now, suppose that there afé orbits. SelectV elements:xy, zo, ..., x, such that each one of
them is in a different orbit. We then have:

N N
> IStab(z)| =Y > [Stab(z)| =Y |Orb(x;)||Stab(z;)| = N - |G|.

zeX i=1 zeOrb(z;) i=1
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From this we have:

Y Flg)=151=")_ |Stab(z)| = N -|G.

geG rzeX

Divide though by|G| to obtain Burnside’s theorem:

1
N=& > F(g).

geqG

5.3 Proof of Polya’s Counting Method

Recall that Polya’s method counts distinct colorings afaas objects where certain colorings are
considered to be equivalent if given symmetry operationp tham to each other. In the earlier
part of this section, the set of items to be operated upon represented the set of all cgleri
where each was considered different.

When a group of symmetry operations (the group of permutajiacts on the séX, it divides the
setX into a bunch of different orbits. What we want to do is coumst tiumber of orbits.

But we also noted that we can count the number of element®isgtX that arefixedby a given
permutation by finding the pattern-inventory polynomiattborresponds to that permutation.

Each term in the pattern-inventory polynomial correspands coloring with certain numbers of
each color, but if you were to add all the coefficients, you Mcave the total number of items
fixed by the permutation. This is basically the same as thetiimm F' in Burnside’s theorem.

If we don't add the coefficients together, but combine all prodynomials on the right side of

Burnside’s theorem, we will have a polynomial, the sum of séhooefficients is the total number
N of orbits, but if we look at the individual coefficients, thill us how many orbits there are for
each particular set of colors used.

At this point, with your current understanding, it is probad good idea to go back to the begin-
ning of this article and look over a few of the examples to make you see exactly what is going
on in light of Burnside’s theorem and Polya’s counting nogts

6 A Non-Trivial Practical Example

In this section we will consider the problem of counting thember of isomers of molecules that
are derivatives of the chemical ethane (see Figure 2). Etisasomposed of two connected carbon
atoms (marked with a “C” in the figure) and each of those cagioms is (roughly) the center of a
tetrahedral arrangement of bonds. One of those bonds gties déther carbon atom, and the other
three go to other chemical groups. In the figure, positiorsand 3 are hooked to one carbon and
4,5, and 6 are hooked to the other.

Pure ethane has a hydrogen atom at all six positions, butraad/af the positions can be replaced
by other chemical groups. The molecule can rotate freelyath@ carbon-carbon bond. Thus if
the groups at positions 1, 2 and 3 are rotated by the permantat 3), the molecule is equivalent.
But the direction cannot be reversed without changing thkeeaute: (1 2)(3) makes a different
molecule.
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Figure 2: Ethane Compounds

If you look along the carbon-carbon bond from the end withifomss 1, 2 and 3 on it, the 1, 2,
3 positions appear in clockwise order, and if you look towidue other end, the 4, 5, and 6 also
appear in clockwise order, as in the figure.

So the symmetry operations that leave the molecule uncldangelve any rotation about either
carbon atom, or turning the molecule around (basically arging positions 1 and 4, 2 and 5, and
3 and 6).

The group of permutations consists of 18 symmetries: thottions on each end (férx 3 = 9 of
them), and then flipping the molecule’s carbon atoms douthkes The following table shows all
of those symmetry permutations written in terms of the thmémitive rotations (which we shall
call « andb) and the carbon-carbon flip (which we shall egll (In fact, it can be generated by just
a andc or just byb andc, but the expressions (but not the permutations themsebeesime more
complicated.)

e=(1)(2)B)4)6)6) | 7 c=(14)(25)(36) | f3
a=(123)(4)(5)(6) | fifs ac=(152634) ¢
a®=(132)(4)(5)(6) | fifs | a®c=(163524) ¢
b=(1)(2)(3)(456) f1f3 be=(142536) ¢
b =(1)(2)(3)(465) f1f3 b*c=(143625) o
ab=(123)(456) f3 abc=(153426) i
ab®=(123)(465) 2| ae=(15)26)34) | £
a’b=(132)(456) 2 a’bc=(16)(24)(45) | f3
a®b?* = (132)(465) 3 a*b’c=(162435) .
When we combine the 18 pattern-inventory polynomials fromtaible above, we obtain:
f%:ff+4ﬁﬁ§+j£§+3ﬁ§+6ﬁ  (15)

The exponents of are obviously unnecessary, but they are included to enghdse fact that
there is exactly one cycle of that length in the permutation.
If we are usingn different kinds of chemical groups to be hooked to the 6 pwsitin the ethane-
derivative molecules, then:

fi=(@+c+-+c),

24



where the; corresponds to thg® chemical group.

Let’s look at the situation with different numbers of groypslors), beginning with the simplest
situation: one group. Obviously, if all six positions aréefil with the same group, there is only

one way to do it. In Equation 15, if there is one groiip= ct, yielding:

P S +48 +48 +35 +6¢5 185 4
= = = Cq.
18 18 !

The coefficientl of ¢§ means that there is exactly one way to construct an ethanatie if all

six attached groups are the same.
Things get a bit more interesting with two different kindsgobups:

P =

(e1 4+ c2)8 +4(er +c2)?(cd +¢e3) +4(cd +¢3)? +3(c? +c3)2 +6(c§ +¢5)

18
= c1 + 0102 +2cte2 + 26365 + 23 ch 4 erch 4 ¢S
= 01 + c2 +
c?cz + clcg +
2ctca +2cicy +

2¢3¢3.

Here is the expansion with three groups:

(c1+c2+c3)8 +4(c1 +ca+e3)3(c + 3 +c3)+
4B +c3+e3)+3(3+cE+c3)3+6(k+ 5 +ch)
18
§ 4 B + ez + 2613 + 3cieacs + 20411c§ +

201c2 + 40102% + 4ci’c20§ + 2c§c§ +

2c2¢3 + Ac3cies + 6c3cicE 4 Ackcac + 2c3ch +

clcg + 3010303 + 4clc§c§ + 4clc§c§ + 3clcgc§ + clcg +

02 + c203 +2c5¢3 + 23 + 2c203 + cacd + 5

01 + c2 + 03 +

c‘;’cz + 0?03 + clcg + clcg + 0203 + czcg +

2ctca + 20103 +2c%ch + 20103 + 20203 + 20203 +

4cicaes 4 Acieacs + Acicies + Acicacs + dercycs + deicaes +
30411c203 + 361C§C3 + 36102c§ +

2c3¢3 + 20103 + 20203 +

222
6cicyes

In each of the final two cases above, the product is rearratmgsdow that the coefficients on
“similar” expressions is the same. For example, in the egjmanwith three groups, every term
that consists of four copies of one color and two of anothertha same coefficient & 2cic3,

2cic2, 2c3ch, et cetera. This makes perfect sense, of course, sincestheuéd be the same number
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of ways to construct an ethane derivative with four hydraggemd two chlories as to construct one
with four chlorines and two bromines.

Another thing to notice is that each expansion includeshallgrevious ones. If you sef = 0 in
the third one, you obtain exactly the second one, et cetera.

The examples above provide plenty of examples to checkhieataunting scheme works, and as
exercises in counting for you. For example, with the thrdfedint groups, apparently there are
six fundamentally different molecules with two of each tygigan we find them all? If the three
groups are called, b andc, how can they be divided into two groups of three to be addegoh
carbon atom? Here's a complete list;

aab—bcc
aac—bbc
abb—acc
abc—abc

Why are there only four? The reason is that although the firgtet examples have two of one
and one of another on both sides, tiie < abc has three different types on each carbon atom,
and those can be arranged clockwise or counter-clockwigeedsok at the molecule along the
carbon-carbon bond. So that fourth division allows thrdfedint molecule types: both arranged
clockwise, both counter-clockwise, and one arranged ih €&ection, for a total of six, as pre-
dicted by Polya’s counting method.
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