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Abstract

This documentcontainsa list of the more importantformulasand theorems
from plane Euclideangeometrythat are mostusefulin math contestswvherethe
goalis computationatesultsratherthanproofs of theorems.Noneof the results
hereinwill beproved,butit is agoodexerciseto try to prove themyourself.

1 Triangles

Figurel: GenericTriangle

In whatfollows, we will usethetrianglein Figurel. In thefigure, A, B, andC arethe
vertices;the anglesat thoseverticesarea, 3, and~, respectiely; the sidesopposite
themarea, b, ande, andthealtitudesfrom themareh,,, hy, andh..

1.1 Triangle Centers

In Figure1 you canseethatthe threealtitudesof the triangle seemto meetat a point.
In factthey alwaysdo, asdothethreemediansandthethreeanglebisectors.Thethree
altitudesmeetat the orthocenteof the triangle,the threemediansat the centroid,and
the threeanglebisectorsat the incenter The incenteris the centerof the circle that
canbeinscribedin thetriangle,andthe centroidis the centerof massof thetriangle(a



trianglecut out of cardboardvould balanceatthe centroid). The centroiddivideseach
of themediangn aratioof 2 : 1.

If you constructhe perpendiculabisectorsof the sidesof thetriangle,they alsomeet
ata point calledthe circumcentemwhich is the centerof the circle that passeshrough
thethreeverticesof thetriangle.

The circumcenterorthocenterand centroidall lie on a straightline calledthe Euler
line.

1.2 Areaof aTriangle

Therearemary waysto calculatethe area.If you know the baseandthe altitude (and
keepin mindthatany baseandits correspondingltitudewill do),thentheareais given
by:
a-hy, b-hy c-he

2 2 27
If s = (a+b+¢)/2 (s is calledthe“semiperimeter”) thenhereis Heron's formulafor
thearea:

A(AABC) =

A(AABC) = /s(s —a)(s — b)(s — c).
If youknow two sidesandtheincludedangle heresthearea:

absiny  besina  casinf

A(DABC) = BERT - EERE A

1.3 AnglesinaTriangle

Figure2: Sumof anglesin ageneralpolygon

Thethreeanglesof atrianglealwaysaddto 180°, soin our generatrianglein Figurel,
wehavea+ 8+~ = 180°. Everybodyknowsthat,but remembethatthisletsyoufind
the sumof theanglesof a generakimplequadrilateral pentagonhexagon,andsoon.
A “simple” polygonis onein which the sidesdo not crosseachother, but the polygon
neednot be convex.

Noticein Figure2 thatthe quadrilateratanbedividedinto two triangles the pentagon
into three,andso on. Thus,the sumof theinterior anglesof a simplequadrilaterais

2 - 180°, of asimplepentagoris 3 - 180°, andin general of a simplen-sidedpolygon

is (n — 2) - 180°.



1.4 ThePythagorean Theorem

In thespecialcasewhereoneof theanglesn atriangleis aright angle,youcanusethe
Pythagoreamheorento relatethe lengthsof thethreesides.If angleA in the generic
triangle is 90°, then the Pythagoreartheoremstatesthat a®> = b + ¢2. Note that
by droppingan appropriatealtitude, ary trianglecanbe corvertedinto a pair of right

triangles soin thatsensethetheoremcanbeusedon ary triangle.

Thereare an infinite numberof right triangleswhosesideshave integer lengths,the
mostcommonbeingthe3 — 4 — 5 right triangle. It’ s probablyworth memorizinga few

of thesmallerones,ncludingb — 12 — 13,7 — 24 — 25,8 — 15 — 17 and20 — 21 — 29.

Remembethatany multipleis alsoaright triangle,so6 — 8 — 10 and9 — 12 — 15 are
effectively largerversionsof the3 — 4 — 5 right triangle.

If m andn aretwo integers,andm > n > 0, thenthethreenumbersn? — n?, 2mn,

andm? + n? form a Pythagoreartriplet. All Pythagoreartriplets are formedwith a
suitablechoiceof m andn. If oneof thetwo numbergn andn is oddandthe otheris

even,andif they arerelatively prime,thentheresultingPythagoreatriplet is primitive
in thesensehatit is notamultiple of a smallertriangle.

15 Other Special Triangles

Know the propertieof theequilateratriangle,of the45° — 45° — 90° triangle,andof
the30° — 60° — 90° triangle. Thelengthsof thesidesarel —1—1,1 -1 —+/2, and
1 — /3 — 2, respectiely.

Anothertrianglethatcomesupin contestss the13 — 14 — 15 trianglethatseemdik e
anoddballatfirst, but it canbedividedinto two Pythagoreatriangles:the5 —12 — 13
andthe9 — 12 — 15 triangles.

1.6 ThelLaw of Sinesand the Law of Cosines

For thegenerictrianglein Figurel, hereis thelaw of sines:

b
9 _ 2 - ° _op
sina  sinf@  sinvy
whereR is theradiusof thecircumscribedircle.
Thelaw of cosiness this:
a®> = b2+ —2bccosa
¥ = 2 +a%—2cacosf
¢ = a®>+b>—2abcosn.

Notice thatif oneof the anglesis 90°, the law of cosinesis exactly the sameasthe
Pythagoreatheorem.



Figure3: Angle BisectorProperty

1.7 AngleBisector Property

In Figure3, if AD istheanglebisectorof /BAC, thenwe have:

BD _ DO
AB  AC’

1.8 Stewart’s Theorem

Figure4: Stevart's Theorem

Stewart’s theoremrefersto ary triangle AABC with a line from onevertex to the
oppositesideasshowvn in Figure4. With the sideslabeledasin the figure, Stewvart’s

theoremstateghat:
a’n +b*m = c(mn + d).

1.9 Mendaus Theorem

Figure5: MenelausTheorem



Menelaus'Theoremrefersto anarbitraryline cutting an arbitrarytriangle, wherethe
line mayintersecthe edgesf thetriangleeitherinsideor outsidethetriangle.In fact,
it maymisswhatyou normallythink of asthetrianglealtogetherbut it will still hit the
extensionsof thelines. Obviously, it doesnt work if theline is parallelto oneof the
triangleedges SeeFigures.

Thetheorenstateghat:
BZ CY AX

CZ AY BX
With a carefulstatemenbf the theoremwith directedlengthsof the sidesMenelaus’
theoremcanpredictwhethertheintersectionsreinsideor outsidethe triangle.

1.

1.10 Ceva'sTheorem

Figure6: Ceva’s Theorem

Ceva'stheoremis similarto Menelaustheoremin thatit refersto anarbitrarytriangle,
andto an arbitrary point 0. O canbe inside or outsidethe triangle (but not on the
edges)lf linesaredravn throughO andeachof the verticesasin Figure6, then:

AE CD BF _
CE BD AF 7
or
usq = vir.

As in Menelaus'theorem,if directedratiosareused,Ceva’s theoremcanbe usedto
determindf theintersection®f thelines AO, BO, andCO with theoppositesidesare
insideor outsidethe triangle, but Ceva’s theoremwith directedlengthswill have the
productabove equalto —1 insteadof 1.

2 CyclicQuadrilaterals

Herearea few nice propertiesof quadrilateralghat canbe inscribedin a circle asin
Figure?.



Figure7: Cyclic Quadrilateral

2.1 Angles
If ABCD isacyclic quadrilateralthen

{DAB+ /BCD = /ABC + /CDA = 180°.

Corverselyif /DAB+ /BCD = 180° orif /ABC + /CDA = 180°,thenABCD
is acyclic quadrilateral.

2.2 Ptolemy’s Theorem

For acyclic quadrilaterabsin Figure7, we have:

AB-CD+ BC-DA=AC-BD.

2.3 Brahmagupta’'s Formula

If a cyclic quadrilateralhassidesof lengthsa, b, ¢, andd, andthe semi-perimeter
s = (a+ b+ ¢+ d)/2, thentheareais givenby:

A(ABCD) = /(s — a)(s = b)(s — ¢)(s — d).

Notice the similarity of this formulato Heron's formulain Sectionl.2. Setoneof the
lengthsin Brahmagupta formulato zeroandgetHeron'sformula.

3 Circles

3.1 Area

Theareaof acircleis A = 7r?, wherer is theradiusof thecircle and~ is a constant,
approximatelyequalto 3.14159265.



Figure8: TheChordTheorem

3.2 TheChord Theorem
In bothcirclesof Figure8, we have:
PA.-PB=PC-PD,
andif PT istangento thecircle asin theleftmostcircle of thefigure,we have:

PA.PB=PC-PD=PT>.

3.3 Circlesand Angles

Figure9: CentralAngle andInscribedAngle

The diagramon the left of Figure 9 givesthe definitonof the measureof anarc of a
circle. Thearcfrom A to B is thesameastheangle/8. In otherwords,if § = 42°,
thenthearc AB alsohasmeasurei2°.

Ontheright of Figure9 we seethataninscribedangleis half of the centralangle. In
otherwords,/AOB = 2/ ACB.



Figure10: Right Angle, Differenceof Angles

On theleft of Figure 10 is illustratedthe fact that an angleinscribedin a semicircle
is aright angle. On theright of Figure 10 we seethatananglethatcutstwo different
arcsof a circle hasmeasureequalto half the differenceof the arcs. In otherwords,
/AOB — /FOE = 2/EGF.

Figurell: InscribedQuadrilateral;Tangent

Finally, in Figure11 we seethatif a quadrilaterais inscribedin a circle, thenthe op-

positeanglesaddto 180°, andcorversely if thetwo oppositeanglesof a quadrilateral
addto 180°, thenthe quadrilateratanbeinscribedin acircle.

Ontheright, we seethata tangentine cutsoff half of theinscribedangle: ZAOB =

2/HAB.



