
Contest Geometry
Tom Davis

tomrdavis@earthlink.net
http://www.geometer.org/mathcircles

April 19,2001

Abstract

This documentcontainsa list of the more importantformulasand theorems
from planeEuclideangeometrythat aremostuseful in mathcontestswherethe
goal is computationalresultsratherthanproofsof theorems.Noneof the results
hereinwill beproved,but it is a goodexerciseto try to prove themyourself.

1 Triangles
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Figure1: GenericTriangle

In whatfollows,wewill usethetrianglein Figure1. In thefigure,
�

, � , and � arethe
vertices;the anglesat thoseverticesare � , � , and � , respectively; the sidesopposite
themare � , � , and � , andthealtitudesfrom themare 	�
 , 	�� , and 	�
 .
1.1 Triangle Centers

In Figure1 you canseethat thethreealtitudesof thetriangleseemto meetat a point.
In factthey alwaysdo,asdo thethreemediansandthethreeanglebisectors.Thethree
altitudesmeetat theorthocenterof thetriangle,thethreemediansat thecentroid,and
the threeanglebisectorsat the incenter. The incenteris the centerof the circle that
canbeinscribedin thetriangle,andthecentroidis thecenterof massof thetriangle(a
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trianglecutout of cardboardwouldbalanceat thecentroid).Thecentroiddivideseach
of themediansin a ratioof ��� � .
If you constructtheperpendicularbisectorsof thesidesof thetriangle,they alsomeet
at a point calledthecircumcenterwhich is thecenterof thecircle thatpassesthrough
thethreeverticesof thetriangle.

The circumcenter, orthocenter, andcentroidall lie on a straightline calledthe Euler
line.

1.2 Area of a Triangle

Therearemany waysto calculatethearea.If you know thebaseandthealtitude(and
keepin mindthatany baseandits correspondingaltitudewill do),thentheareais given
by: ��� ��������� ���� !�"� �$#% !�&� ��'% !�(�*)
If + � � �-,.#/,.'

� 0 � ( + is calledthe“semiperimeter”),thenhereis Heron’sformulafor
thearea: ��� �1�����2� �43 + � +�5 �

� � +�5 #
� � +-5 '

�
)

If youknow two sidesandtheincludedangle,here’s thearea:��� �1�����2� ��� #/6 7 8%9� ��# '/6 7 8�:� ��' �%6 7 8-;�<)
1.3 Angles in a Triangle

Figure2: Sumof anglesin a generalpolygon

Thethreeanglesof atrianglealwaysaddto � = > ? , soin ourgeneraltrianglein Figure1,
wehave :2,�;2,�9 � � = > ? . Everybodyknowsthat,but rememberthatthis letsyoufind
thesumof theanglesof a generalsimplequadrilateral,pentagon,hexagon,andsoon.
A “simple” polygonis onein which thesidesdo not crosseachother, but thepolygon
neednot beconvex.

Noticein Figure2 thatthequadrilateralcanbedividedinto two triangles,thepentagon
into three,andsoon. Thus,thesumof the interior anglesof a simplequadrilateralis�  � = > ? , of a simplepentagonis @  � = > ? , andin general,of a simple A -sidedpolygon
is

� A�5B� �  � = > ? .
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1.4 The Pythagorean Theorem

In thespecialcasewhereoneof theanglesin a triangleis aright angle,youcanusethe
Pythagoreantheoremto relatethe lengthsof thethreesides.If angle C in thegeneric
triangle is D E F , then the Pythagoreantheoremstatesthat G HJILK H�MON H . Note that
by droppinganappropriatealtitude,any trianglecanbeconvertedinto a pair of right
triangles,soin thatsense,thetheoremcanbeusedon any triangle.

Therearean infinite numberof right triangleswhosesideshave integer lengths,the
mostcommonbeingthe P-Q1R-Q�S right triangle.It’sprobablyworthmemorizingafew
of thesmallerones,including S-QUT V-QBT P , W%Q.V R�Q�V S , X-QUT S-QBT W and V E-Q�V TYQ.V D .
Rememberthatany multiple is alsoa right triangle,so Z�QUX�QBT E and D�QJT V-QJT S are
effectively largerversionsof the P2Q.R�QBS right triangle.

If [ and \ aretwo integers,and [^]_\J]`E , thenthethreenumbers[.H-QU\aH , V [1\ ,
and [.H-M_\aH form a Pythagoreantriplet. All Pythagoreantripletsareformedwith a
suitablechoiceof [ and \ . If oneof thetwo numbers[ and \ is oddandtheotheris
even,andif they arerelatively prime,thentheresultingPythagoreantriplet is primitive
in thesensethatit is not a multipleof a smallertriangle.

1.5 Other Special Triangles

Know thepropertiesof theequilateraltriangle,of the R S F%Q�R S F%QUD E F triangle,andof
the P E F-QUZ E F-QUD E F triangle.Thelengthsof thesidesare T-QJT-QJT , T-QJT-QBb V , andT-QJb P2QBV , respectively.

Anothertrianglethatcomesup in contestsis the T P�Q_T R�QJT S trianglethatseemslike
anoddballatfirst, but it canbedividedinto two Pythagoreantriangles:the S%Q.T V%QUT P
andthe D2QJT V2QJT S triangles.

1.6 The Law of Sines and the Law of Cosines

For thegenerictrianglein Figure1, hereis thelaw of sines:

Gc d e�f I Kc d e-g I Nc d e-h I`V i�j
wherei is theradiusof thecircumscribedcircle.

Thelaw of cosinesis this:

G H IkK H MBN H QBV K N/l m c fK H IkN H MJG H QBV N G%l m c gN H IkG H MJK H QBV G K/l m c hon
Notice that if oneof the anglesis D E F , the law of cosinesis exactly the sameasthe
Pythagoreantheorem.
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Figure3: Angle BisectorProperty

1.7 Angle Bisector Property

In Figure3, if p�q is theanglebisectorof r s�p�t , thenwe have:

s�qp�svu q�tp�t_w
1.8 Stewart’s Theorem
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Figure4: Stewart’sTheorem

Stewart’s theoremrefersto any triangle x�p�s�t with a line from onevertex to the
oppositesideasshown in Figure4. With the sideslabeledasin the figure,Stewart’s
theoremstatesthat: y z {�|B} z ~

u_� �
~�{1|J� z �

w
1.9 Menelaus’ Theorem
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Figure5: Menelaus’Theorem
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Menelaus’Theoremrefersto anarbitraryline cuttinganarbitrarytriangle,wherethe
line mayintersecttheedgesof thetriangleeitherinsideor outsidethetriangle.In fact,
it maymisswhatyounormallythink of asthetrianglealtogether, but it will still hit the
extensionsof the lines. Obviously, it doesn’t work if the line is parallelto oneof the
triangleedges.SeeFigure5.

Thetheoremstatesthat: ���� �$� ������ � �-�� ���4� �
With a carefulstatementof the theoremwith directedlengthsof the sidesMenelaus’
theoremcanpredictwhethertheintersectionsareinsideor outsidethetriangle.

1.10 Ceva’s Theorem
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Figure6: Ceva’sTheorem

Ceva’s theoremis similar to Menelaus’theoremin thatit refersto anarbitrarytriangle,
and to an arbitrarypoint � . � canbe insideor outsidethe triangle(but not on the
edges).If linesaredrawn through� andeachof theverticesasin Figure6, then:������ � ���� � � ���� � �4� �
or �/� � �_� � � �
As in Menelaus’theorem,if directedratiosareused,Ceva’s theoremcanbe usedto
determineif theintersectionsof thelines

� � ,
� � , and

� � with theoppositesidesare
insideor outsidethe triangle,but Ceva’s theoremwith directedlengthswill have the
productaboveequalto � � insteadof � .
2 Cyclic Quadrilaterals

Herearea few nice propertiesof quadrilateralsthat canbe inscribedin a circle asin
Figure7.
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Figure7: Cyclic Quadrilateral

2.1 Angles

If �����2� is a cyclic quadrilateral,then� �����O� � ���2�¡  � �����`� � �����O 4¢ £ ¤ ¥ ¦
Conversely, if

� �����_� � ���2�¡ 4¢ £ ¤ ¥ or if
� �����B� � �2�1�O 4¢ £ ¤ ¥ , then �����2�

is acyclic quadrilateral.

2.2 Ptolemy’s Theorem

For acyclic quadrilateralasin Figure7, we have:

���4§ �2�¨�J���O§ ���O `���O§ ���.¦
2.3 Brahmagupta’s Formula

If a cyclic quadrilateralhassidesof lengths © , ª , « , and ¬ , and the semi-perimeter­  4® ©2�JªY�B«Y�J¬ ¯ ° ± , thentheareais givenby:² ® �����2�1¯% 4³ ® ­�´ © ¯ ® ­�´ ª ¯ ® ­�´ « ¯ ® ­�´ ¬ ¯ ¦
Noticethesimilarity of this formulato Heron’s formula in Section1.2. Setoneof the
lengthsin Brahmagupta’sformulato zeroandgetHeron’s formula.

3 Circles

3.1 Area

Theareaof a circle is �4 _µ/¶ · , where¶ is theradiusof thecircle and µ is a constant,
approximatelyequalto ¸ ¦ ¢ ¹�¢ º » ± ¼ º .
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Figure8: TheChordTheorem

3.2 The Chord Theorem

In bothcirclesof Figure8, wehave:½2¾_¿ ½�À¨Á_½�ÂO¿ ½�Ã�Ä
andif

½2Å
is tangentto thecircleasin theleftmostcircleof thefigure,we have:½�¾_¿ ½2À¨Á`½�Â`¿ ½�Ã�Á_½2Å�Æ Ç

3.3 Circles and Angles
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Figure9: CentralAngle andInscribedAngle

The diagramon the left of Figure9 givesthe definitonof the measureof an arc of a
circle. Thearc from

¾
to
À

is thesameastheangle È É . In otherwords,if É Á4Ê Ë Ì ,
thenthearc

¾�À
alsohasmeasure

Ê Ë Ì
.

On theright of Figure9 we seethatan inscribedangleis half of thecentralangle. In
otherwords, È ¾�Í�À¨Á`Ë È ¾�Â�À .
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Figure10: Right Angle,Differenceof Angles

On the left of Figure10 is illustratedthe fact that an angleinscribedin a semicircle
is a right angle.On theright of Figure10 we seethatananglethatcutstwo different
arcsof a circle hasmeasureequalto half the differenceof the arcs. In otherwords,Î Ï�Ð2Ñ4Ò`Î Ó�Ð2Ô¨Õ`Ö�Î Ô�×�Ó

.
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Figure11: InscribedQuadrilateral,Tangent

Finally, in Figure11 we seethat if a quadrilateralis inscribedin a circle, thentheop-
positeanglesaddto Ø Ù Ú Û , andconversely, if thetwo oppositeanglesof a quadrilateral
addto Ø Ù Ú Û , thenthequadrilateralcanbeinscribedin acircle.

On theright, we seethata tangentline cutsoff half of the inscribedangle:
Î Ï�Ð2Ñ¡ÕÖ�Î Ü.Ï�Ñ

.

8


