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It is extremelydifficult to defineexactlywhatis meantoy apolygon. Everybodyknows,
but whenyou try to write down an exact mathematicatdefinition, it is surprisingly
difficult. Thefollowing definitionsarepretty good,but eventhey arenot perfect. See
if you cando better

1 Definitions

Definition 1 (Polygon) Letwvg, v1,- -+, v, Wheren > 3 bea setof pointsin the plane
sudh that vy = v,. Theunion of the line sgmentsvgvy, v1v2, - - ., Un_1Yy, IS @N -
sided polygonwhoseverticesare v1, v2, ... and whoseedges are the line sggments
UoU1,V1Ve,.... (Notethatsincevy = wv,, the polygonis automaticallyclosed.) In
whatfollows,letv; = (z;,y;) if weneedto talk aboutthe coordinatesof thevertices.

Notice thatthe above definition is very general—theedgesof the polygon cancross
eachotherandthe verticescan coincide,or canlie on edgesbetweenother pairs of
vertices.

Notethatthereareevenmoregenerakoncept®f polygons—itis possiblefor example
to definea polygonto be a figure that containsholes,or a polygonthathasa number
of disconnectedomponents.

Definition 2 (Jordan Polygon) A polygonP with vertices{v; : 0 < ¢ < n} is saidto
bea Jordanpolygonif:

1. Theverticesy; for 0 < i < n aredistinct.

2. Twodistinctedgesintersectonlyif they havea commonvertex, andthey intersect
only at that commorvertex.

The name“Jordanpolygon” is to remind us of the famous“JordanCurve Theorem”
which statesthat a closedcontinuouscurve in the planethat doesnt intersectitself
dividesthe pointsof the planeinto two regionscalledthe insideandthe outside. The
insidehasaboundedareaandtheoutsideis unboundedSincea Jordanpolygonis just
a simple exampleof a Jordancurve that happendo be a piecavise linear curve, the
Jordancurve theoremholdsfor Jordanpolygonsaswell.



Definition 3 (Orientation) A Jordanpolygonis saidto beorientedcounterclockwise
if, asyoumove alongtheedgesfromwy to v; to vg, etcetem, theinsideof the curveis
to yourleft. Otherwise the polygonis orientedclockwise

Definition 4 (Convexity) A Jordan polygonis said to be corvex if the line sggment
connectingany two interior pointsis completelycontainedwithin the interior of the
polygon. Polygonsthat do not satisfythis condition are said to be non-corvex, or
concave

Definition 5 (Star-Shaped) A Jordanpolygonis saidto be starshapedf there exists
apointp in its interior sud thattheline segmentsconnectinge with anyotherpointin
theinterior of the polygonlie completelyin theinterior of the polygon.

2 Problems

1. Show that the sum of the internalanglesof a Jordanpolygonwith n sidesis
w(n — 2) (or (n — 2)180°, if you preferto measureanglesusingdegrees).In
otherwords,atriangle'sinternalanglesaddto = = 180°, thoseof aquadrilateral
to 2r = 360°, etcetera.

2. (*)Supposeyou needto write computerprogramsto determinewhatkind of a
polygona setof verticesdescribesWhatalgorithmsmight be usedto decideif
theverticesform Jordanpolygons,or if it's corvex, or if it’s orientedclockwise
or counterclockwise etceteraqThe“(*)” indicateshatthe problem,or atleast
someportionof it, is difficult.)

3. (*)What algorithmwould you useto write acomputemprogramthatwill find the
intersectiorof two corvex polygons?0f two Jordarnpolygons?

4. Giventhecoordinategor aJordarpolygonP andthecoordinategor aparticular
point p in the plane,how would you write a computerprogramto determine
whetherp is in theinterior or exterior of P?

5. Theorem1 (*)If a Jordanpolygonhasmorethan3 vertices,showthatit hasan
interior diagonal. In other words, showthat there exist two verticesv; and v;
thatare notadjacentin the polygonsud thattheline segmenty;v; is completely
containedn theinterior of the polygon.

6. Giventheresultof Theoreml, shav thatany Jordanpolygonwith n sidescan
be“triangulated”into n — 2 triangleswhoseverticesarethe sameasthevertices
of theoriginal polygon.

7. Shaw thatthe verticesof the polygonin the problemabove canbe coloredwith
threecolors,red,greenandblue,suchthateachtrianglein theresultingtriangu-
lation hasared,greenandbluevertex.
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. Supposehat a fangy art gallery is constructedso that its walls form a Jordan

polygonwhenviewed from above. (We'll call this a “Jordanart gallery”.) On
every wall is an extremelyvaluablepainting. Shav thatif the polygonis star
shapedthena single guardcanwatch all the walls at oncewithout having to
move (althoughthe guardcanturn aroundin place).

. Make afloor planfor anartgallerythatrequiresnorethanoneguardto watchall

the paintings. Whatis the minimum numberof walls neededo make a gallery
that requiresmore than one guard? Canyou designa gallery that requires2
guards? guards?

If aJordanartgalleryhasn walls, whatis the maximumnumberof guardsthat
might be required?(Note: if our definitonfor polygonhadincludedthe possi-
bility of “holes”, thenthis becomesan openproblem—sole it andyou getan
instantPhD.)

Supposea Jordanpolygon P with n edgeshasverticesv; with coordinates
(z;,y:). Show thatthe (signed)areaof P is givenby theformula:

1 n—1

AP) =5 D (@iyin — iy,

=0

wherethe areais positive if the polygonis counterclockwiseandnegative oth-
erwise.

(Hint: Try to shaw it for triangles,or if that's too hard, for triangleswith one
vertex attheorigin.)

Theorem 2 (Pick’s Theorem) If P is a Jordanpolygonwhoseverticesall lie on
lattice points(in otherwords, if all the coordinatesof the verticesare integers),
let I be the numberof pointscompletelywithin P, andlet B be the numberof
pointsontheboundaryof P. Showthattheareaof P is givenby:

A(P)=1+B/2-1.

Theorem 3 (Euler'sFormula) A three-dimensionatlosedsolid all of whose
facesare polygonss calleda polyhedon. Somesxamplesncludethe cube the
tetrahedion, prisms,etcetela. Considerpolyheda with no holes—i.ethosethat
could be continuouslydeformedo a sphee. Let F' be the numberof polygonal
faces,E the numberof edges, and V' the numberof vertices. In a cube for
example FF = 6, E = 12, andV = 8—inotherwords, 6 faces,12 edges,and8
vertices.A tetrahedonhasF = 4, E = 6, andV = 4. Showthat for any sut
polyhedon:
F-E+4+V =2



