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It isextremelydifficult todefineexactlywhatismeantbyapolygon.Everybodyknows,
but when you try to write down an exact mathematicaldefinition, it is surprisingly
difficult. Thefollowing definitionsareprettygood,but eventhey arenot perfect.See
if you cando better.

1 Definitions

Definition 1 (Polygon) Let � � � � � � � � � � � � where � �	� bea setof pointsin theplane
such that � ��
�� � . Theunion of the line segments� � � � � � � � 
 � � � � � � � ��� � � is an � -
sidedpolygonwhoseverticesare � � � � 
 � � � � and whoseedgesare the line segments� � � � � � � � 
 � � � � . (Note that since � ��
�� � , the polygonis automaticallyclosed.) In
whatfollows,let � ��
�� ��� � � � � if weneedto talk aboutthecoordinatesof thevertices.

Notice that the above definition is very general—theedgesof the polygoncancross
eachotherand the verticescancoincide,or canlie on edgesbetweenotherpairsof
vertices.

Notethatthereareevenmoregeneralconceptsof polygons—itis possible,for example
to definea polygonto bea figure thatcontainsholes,or a polygonthathasa number
of disconnectedcomponents.

Definition 2 (Jordan Polygon) A polygon� with vertices� � ��� � �"!#� ��$ is saidto
bea Jordanpolygonif:

1. Thevertices� � for � �%!#& � aredistinct.

2. Twodistinctedgesintersectonlyif they havea commonvertex,andthey intersect
only at that commonvertex.

The name“Jordanpolygon” is to remindus of the famous“JordanCurve Theorem”
which statesthat a closedcontinuouscurve in the planethat doesn’t intersectitself
dividesthepointsof theplaneinto two regionscalledthe insideandtheoutside.The
insidehasaboundedareaandtheoutsideis unbounded.SinceaJordanpolygonis just
a simpleexampleof a Jordancurve that happensto be a piecewise linear curve, the
Jordancurvetheoremholdsfor Jordanpolygonsaswell.
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Definition 3 (Orientation) A Jordanpolygonis saidto beorientedcounter-clockwise
if, asyoumovealongtheedgesfrom ' ( to ' ) to ' * , et cetera, theinsideof thecurveis
to your left. Otherwise, thepolygonis orientedclockwise.

Definition 4 (Convexity) A Jordan polygonis said to be convex if the line segment
connectingany two interior points is completelycontainedwithin the interior of the
polygon. Polygonsthat do not satisfy this condition are said to be non-convex, or
concave.

Definition 5 (Star-Shaped) A Jordanpolygonis saidto bestar-shapedif there exists
a point + in its interior such that theline segmentsconnecting+ with anyotherpoint in
theinterior of thepolygonlie completelyin theinterior of thepolygon.

2 Problems

1. Show that the sum of the internalanglesof a Jordanpolygonwith , sidesis-/. ,�0%1 2 (or . ,�0"1 2 3 4 5 6 , if you preferto measureanglesusingdegrees). In
otherwords,atriangle’s internalanglesaddto -87 3 4 5 6 , thoseof aquadrilateral
to 1 -87:9 ; 5 6 , et cetera.

2. (*)Supposeyou needto write computerprogramsto determinewhat kind of a
polygona setof verticesdescribes.Whatalgorithmsmight beusedto decideif
theverticesform Jordanpolygons,or if it’s convex, or if it’s orientedclockwise
or counter-clockwise,etcetera?(The“(*)” indicatesthattheproblem,or at least
someportionof it, is difficult.)

3. (*)What algorithmwouldyouuseto write acomputerprogramthatwill find the
intersectionof two convex polygons?Of two Jordanpolygons?

4. Giventhecoordinatesfor aJordanpolygon < andthecoordinatesfor aparticular
point + in the plane,how would you write a computerprogramto determine
whether+ is in theinterioror exteriorof < ?

5. Theorem1 (*)If a Jordanpolygonhasmorethan3 vertices,showthat it hasan
interior diagonal. In other words, showthat there exist two vertices' = and ' >
thatarenotadjacentin thepolygonsuch that theline segment' = ' > is completely
containedin theinterior of thepolygon.

6. Given theresultof Theorem1, show thatany Jordanpolygonwith , sidescan
be“triangulated”into ,?081 triangleswhoseverticesarethesameasthevertices
of theoriginalpolygon.

7. Show that theverticesof thepolygonin theproblemabovecanbecoloredwith
threecolors,red,green,andblue,suchthateachtrianglein theresultingtriangu-
lationhasared,green,andbluevertex.
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8. Supposethat a fancy art gallery is constructedso that its walls form a Jordan
polygonwhenviewed from above. (We’ll call this a “Jordanart gallery”.) On
every wall is an extremelyvaluablepainting. Show that if the polygonis star-
shaped,thena singleguardcanwatchall the walls at oncewithout having to
move(althoughtheguardcanturn aroundin place).

9. Makeafloor planfor anartgallerythatrequiresmorethanoneguardto watchall
thepaintings.What is theminimumnumberof walls neededto make a gallery
that requiresmore than one guard? Can you designa gallery that requires2
guards?@ guards?

10. If a Jordanart galleryhas@ walls, what is themaximumnumberof guardsthat
might be required?(Note: if our definitonfor polygonhadincludedthe possi-
bility of “holes”, thenthis becomesan openproblem—solve it andyou get an
instantPhD.)

11. Supposea Jordanpolygon A with @ edgeshas vertices B C with coordinatesD E C F G C H . Show thatthe(signed)areaof A is givenby theformula:

I D AJH#K
L
M
N O�PQ
C R�S
D E C G C T P#U E C T P G C H F

wheretheareais positive if thepolygonis counter-clockwiseandnegative oth-
erwise.

(Hint: Try to show it for triangles,or if that’s too hard, for triangleswith one
vertex at theorigin.)

12. Theorem2 (Pick’sTheorem) If A is a Jordanpolygonwhoseverticesall lie on
lattice points(in otherwords,if all thecoordinatesof theverticesare integers),
let V be the numberof pointscompletelywithin A , and let W be the numberof
pointson theboundaryof A . Showthat theareaof A is givenby:

I D AJH#K"VYX%W Z M U L [

13. Theorem3 (Euler’ sFormula) A three-dimensionalclosedsolid all of whose
facesare polygonsis calleda polyhedron. Someexamplesincludethecube, the
tetrahedron,prisms,etcetera. Considerpolyhedra with noholes—i.e. thosethat
couldbecontinuouslydeformedto a sphere. Let \ bethenumberof polygonal
faces, ] the numberof edges, and ^ the numberof vertices. In a cube, for
example, \_K	` , ]aK L M , and ^aK:b —in otherwords,6 faces,12 edges,and8
vertices.A tetrahedron has \aK:c , ]aK	` , and ^dK:c . Showthat for anysuch
polyhedron:

\ U ]	X�^_K M [
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